Abstract. A recollement describes one triangulated category T as "glued together" from two others, S and U. The definition is not symmetrical in S and U, but this note shows how S and U can be interchanged when T has a Serre functor.
Nevertheless, that is precisely what this note does in Theorem 7 below, under the assumption that T has a Serre functor; see Remark 3 for the definition.
In fact, it will be showed that there are two different ways to get recollements of the form (2) , one involving the four upper functors from (1) and another involving the four lower functors. Setup 1. Let k denote a field and assume that the category T of the recollement (1) is a skeletally small k-linear triangulated category with finite dimensional Hom-sets and split idempotents.
Let me start with two remarks explaining the formalism of recollements and Serre functors. (1) is defined by the following properties.
, and (j * , j * ) are pairs of adjoint functors.
(ii) j * i * = 0.
(iii) i * , j ! , and j * are fully faithful.
where the arrows into and out of X are counit and unit morphisms of the relevant adjunctions.
Remark 3 (Serre functors, cf. [5, sec. I.1]). Let (−)
∨ denote the functor Hom k (−, k). A right Serre functor T for T is an endofunctor for which there are natural isomorphisms
and a left Serre functor T is an endofunctor for which there are natural isomorphisms
A Serre functor is an essentially surjective right Serre functor.
A right Serre functor is fully faithful, and hence a Serre functor is an autoequivalence.
If there is a right Serre functor T and a left Serre functor T , then T is in fact a Serre functor and T is a quasi-inverse of F .
Setup 4.
Assume that T has a Serre functor T with quasi-inverse T .
It is now possible to prove that the categories S and U in (1) can be interchanged. First, however, two propositions which may be of independent interest.
Proposition 5. The category S has a Serre functor S with quasiinverse S: S = i ! T i * and S = i * T i * .
The category U has a Serre functor U with quasi-inverse U :
Proof. By Remark 3, it is enough to show that S and S are, respectively, a right and a left Serre functor for S, and similarly for U and U . This can be done directly,
Similar computations work for U and U .
Proposition 6. The functors i * and j ! have left-adjoint functors given by
The functors i ! and j * have right-adjoint functors given by
Proof. This can be proved directly, for instance This permits the proof of the main result of this note.
Theorem 7. There are recollements
The second recollement of the theorem can be obtained by the dual procedure.
